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We investigate the instanton solutions and soliton-like bubbles in vacuum dynamics. We show that
the results of recent CERN experiments lead to the fact that our vacuum is safe. We present a
new mechanism, where the space-time dimension plays an important role, that explains why our
Universe is stable. We provide new evidence that supports a process for the origin of Matter-
Antimatter Asymmetry recently introduced by other scientists. We examine confinement in the
context of escape problems. We discuss multiverse, string theory landscape, and extra-dimensions
using our framework. We use our solutions to introduce some hypotheses about Dark Matter and
Dark Energy.
I. INTRODUCTION
First-order phase transition is one of the most im-
portant problems in condensed matter, particle physics,
and cosmology [1–8]. This field has applications in vac-
uum stability [1], quark confinement [3], and cosmological
models.
The physics of this phenomenon has long been dis-
cussed in literature [9–44]. It is very similar to the nucle-
ation processes of statistical physics, the crystallization
of supersaturated solution or the boiling of superheated
fluid.
FIG. 1: Potential U(φ) for a first-order phase transition.
Suppose Fig.1 represents the free energy of a fluid as a
function of density. The phase φ = φ3 corresponds to the
superheated fluid phase and φ = φ1 to the vapor phase.
Thermodynamic processes are continually causing
bubbles of the vapor phase to materialize in the fluid
phase.
If the bubble is too small, it will shrink and will disap-
pear.
On the other hand, if the formed bubble is large
enough, there are thermodynamic conditions energeti-
cally favorable for the bubble to grow. This bubble will
expand until it converts the available fluid to vapor [32].
II. THE MODEL
The framework for calculating the decay rate of a vac-
uum in Quantum Field Theory was developed by Cole-
man and collaborators [33–35], inspired by the Kobzarev
et al. pioneering paper [36]. For the vacuum to decay,
it must tunnel through an energy barrier, and the prob-
ability, per unit time, per unit volume for this has an
exponential factor,
Γ
V
= Ae−β/} (1)
where β is the action of a solution to the Euclidean field
equations which interpolates between metastable (false)
and true vacua. This problem is related to many phenom-
ena in condensed matter, particle physics and cosmology
[1–8, 45].
Consider a Quantum Field Theory described by the
Lagrangian density
L = 1
2
(∂µφ) (∂
µφ)− U(φ), (2)
where U(φ) possesses two minima φ1, φ3 and a maximum
φ2: φ1 < φ2 < φ3, U(φ3) < U(φ1), U(φ1) = 0 [see Fig. 2].
The classical field equation would be
φtt −∇2φ = −dU(φ)
dφ
. (3)
2FIG. 2: Potential U(φ) with a false vacuum and a true vac-
uum.
The state φ = φ1 is a false vacuum. It is unstable
by quantum effects (e.g. barrier penetration). The ac-
cepted picture is the following. Quantum fluctuations
are continually creating bubbles of true vacuum to ma-
terialize in the false vacuum. Once in a while, a bubble
of true vacuum will form large enough so that it is classi-
cally energetically favorable for the bubble to grow. The
bubble expands throughout the Universe converting false
vacuum to true.
The Euclidean equation of motion is
φττ +∇2φ = dU
dφ
, (4)
where τ = it is the imaginary time. The boundary con-
ditions of the instanton solution are
φτ (0,x) = 0, (5)
lim
τ→±∞φ(τ,x) = φ1. (6)
The integral that yields the action of the instanton is
β =
∫
dτd3x
[
1
2
φ2τ +
1
2
(∇φ)2 + U
]
. (7)
The action β will be finite only if
lim
|x|→∞
φ(τ, x) = φ1. (8)
The instanton solution is invariant under four-
dimensional Euclidean rotations. Define
ρ ≡ (|x|2 + τ2)1/2. (9)
The instanton solution is a function of ρ only. From
Eq. (4), we obtain
d2φ
dρ2
+
3
ρ
dφ
dρ
= −dV (φ)
dφ
, (10)
where V (φ) = −U(φ) [see Fig. 3]. The conditions for the
instanton solutions are now
φρ(0) = 0, (11)
lim
ρ→∞φ(ρ) = φ1. (12)
FIG. 3: Potential V (φ) = −U(φ) [see Fig. 2].
The action β can be calculated using the formula
β = 2pi2
∫ ∞
0
dρ ρ3
[
1
2
φ2ρ + U(φ)
]
. (13)
We can consider Eq. (10) as the Newton’s equation of
motion for a fictitious particle of unit mass moving in
the potential V (φ) [see Fig. 3], where φ is the “particle”
position and ρ is the “time”. There is a dissipative force
acting on the particle
Fdis = −3
ρ
dφ
dρ
. (14)
The “particle” must be released at time zero from φ(0).
The initial position must be
φm < φ(0) < φ3. (15)
For the instanton solution to exist, the “particle”
should come to rest at “time” infinity at φ1 (i.e. on top
of the maximum V (φ1)) [see Fig. 3].
In many articles, the authors use the so-called thin-wall
approximation [33] and the φ4 theory as a model. The
employed solution is nothing else but the one-dimensional
φ4 soliton. This approach loses all the complexities of the
3+1 dimensional nonlinear field equations. In the present
paper we will show that, for some Lagrangians, the action
of the instanton solution can be arbitrarily large.
III. THE INSTANTON SOLUTION
Let us return to the motion of the fictitious particle
in the potential V (φ) [see Fig. 3]. A particle that starts
its motion at a point φ(0) > φm should pass the point
φ = φ2 (at the bottom of the valley) in order to reach
the point φ = φ1. We can expect that in a vicinity of
point φ2 the particle makes oscillations. This is true when
the potential V (φ) behaves as V (φ) ∼ (φ2 − φ)2/2 in a
neighborhood of point φ = φ2, and we are studying the
one-dimensional case. For the D = 3+1 case, the particle
3will make damped oscillations near the point φ = φ2.
Nevertheless, the instanton solution can still exist.
Suppose there are potentials for which the motion of
the “particle” in a vicinity of φ = φ2 will be in the over-
damped regime. Then if the particle starts its motion
at a point φ(0) > φ2, there will be an overdamped tra-
jectory that will end at point φ = φ2 for ρ → ∞. The
particle will never visit the points for which φ < φ2.
Let us define
U(φ) =

a1(φ− φ1)2
2
, for φ < φ12,
− (φ− φ2)
4
4
+ ∆2, for φ12 < φ,
(16)
where φ = φ12 is a point for which U(φ) and its first
derivative are continuous, i.e. a1(φ12 − φ1)2/2 = ∆2 −
(φ12 − φ2)4/4, and a1(φ12 − φ1) = −(φ − φ2)3. All the
solutions of Eq. (10) with the conditions
φ(0) > φ2, (17a)
dφ
dρ
∣∣∣∣
ρ=0
= 0, (17b)
are given by the family of functions
φ(ρ) = φ2 +
Q
1 + Q
2
8 ρ
2
, (18)
where φ(0) = φ2 + Q. This includes solutions with the
initial conditions
φ(0) > φm, (19a)
dφ
dρ
∣∣∣∣
ρ
= 0. (19b)
Note that there exists a continuum of solutions pro-
vided by (18). For every initial condition φ(0) > φ2,
there is a solution in the family (18).
It does not matter how high the “particle” will be at
ρ = 0 in the potential V (φ) [see Fig. 3], the particle will
be stuck at φ = φ2 even for ρ → ∞. It will never visit
points close to φ = φ1. The action of all these solutions
is infinite.
In general, for any potential that behaves as U(φ) '
(φ − φ2)4/4 in a neighborhood of φ = φ2, the motion of
the “particle” for D = 3 + 1 will be difficult near the
point φ = φ2. Let us define a different potential
U(φ) =

a1(φ− φ1)2
2
, for φ < φ12,
∆1 − φ
4
4
, for φ12 < φ < φ3,
−∆3 + a3(φ− φ3), for φ > φ3,
(20)
where a1(φ12 − φ1)2/2 = ∆1 − φ412/4, and ∆1 − φ43/4 =
−∆3. There are no initial positions φ2 < φ(0) < φ3
(dφ(0)/dρ = 0) for which limρ→∞ φ(ρ) = φ1.
Consider a generalization to the Eq. (10) in a D-
dimensional space-time
d2φ
dρ2
+
D − 1
ρ
dφ
dρ
= −dV (φ)
dφ
, (21)
where
U(φ) = −V (φ) = a|φ|
3
3
− b|φ|
4
4
, a > 0, b > 0. (22)
For this potential, φ1 = 0, and φ2 = a/b. We can find
the exact instanton solution to Eq. (21)
φinstanton =
Q
1 +Nρ2
, (23)
where
Q =
4
4−D
a
b
, (24a)
N =
2
(4−D)2
a2
b
. (24b)
Notice that the instanton solution is unique in the sense
that there is only one initial condition φ(0) = 4a/(4−D)b
for which limρ→∞ φ(ρ) = φ1 ≡ 0.
We would like to remark that as D is increased from
D = 1, the “amplitude” Q of the instanton will increase
(see Eq. (24a)) (φ(0) = Q). In other words, we need
an initial condition with enough potential energy for the
“particle” to be able to climb the hill and reach the point
φ = φ1. For larger D, there is more dissipation. So the
particle needs more energy. However, Q→∞ as D → 4
(!). Something very important happens when D = 3 + 1.
This is an indication that for D = 4, it is very difficult
for the “particle” to arrive at point φ = φ1 = 0. This
can be also an evidence that
lim
D→4
β(instanton) =∞. (25)
Let us examine the potential
U(φ) =
{ |φ|3
3
− |φ|
4
4
, for φ < φ3,
a3(φ− φ3)−∆3, for φ > φ3,
(26)
where −∆3 = |φ3|3/3 − |φ3|4/4. Then, let us choose
φ3 < 4. We can see that even for D = 3, φ(0) must
be φ(0) ≥ 4. This implies that there exists no finite
instanton solution for D = 4.
It is interesting to study Lagrangians where the poten-
tial U(φ) behaves as
U(φ) ' (φ− φ1)
n1
n1
, near φ = φ1, (27a)
U(φ) ' (φ2 − φ)
n2
n2
+ ∆2, near φ = φ2, (27b)
and
U(φ) ' (φ− φ3)
n3
n3
−∆3, near φ = φ3, (27c)
4where n1 ≥ 2, n2 ≥ 2, and n3 ≥ 2. As n1, n2, n3 and the
dimension D increase, the probability of the formation of
bubbles of the “true” vacuum inside the “false” vacuum
that will expand approaches zero.
IV. DISCUSSION
Consider a chain of coupled pendula. In the continuum
limit, this system can be described by the sine-Gordon
equation
φtt − φxx + sinφ = 0. (28)
The static kink solution to Eq. (28) is the following
φk = 4 arctan[exp(x)]. (29)
This solution is stable [46–50]. However, note that there
are pendula that are completely outside the stable equi-
librium φ = 0 (φ = 2pi). In fact, for the point x = 0,
the pendulum is at position φ = pi, which, for a single
pendulum, would be a completely unstable position. In
the solution given by Eq. (29), the pendulum at position
φ = pi and those that are close to that one are sustained
by the majority of the pendula, which are close to the
stable position φ = 0 (φ = 2pi).
Consider now a chain of linked small balls, which are
moving in the potential
U(φ) =
φ2
2
− φ
3
3
. (30)
FIG. 4: Potential U(φ) with a minimum and a potential bar-
rier.
The graph of this function is similar to Fig. 4 (see
V (φ) = −U(φ) in Fig. 5). The equation of motion is
φtt − φxx = −φ+ φ2, (31)
whose exact critical-bubble solution [49] can be obtained
as
φ(x) =
3
2 cosh2(x/2)
. (32)
FIG. 5: Potential V (φ) = −U(φ) [see Fig. 4].
The unstable equilibrium of the potential is φ2 = 1.
For instance, an initial condition of the form
φ(x, 0) =
1.4
cosh2(x)
, (33a)
φt(x, 0) = 0, (33b)
would lead to a dynamics where the balls fall to the
“left” where the potential well (φ1 = 0) exists. There
are balls situated to the “right” of the unstable equilib-
rium. However, these balls will not fall to the “right”
(to the “abyss”). The ball outside the potential well are
sustained by the balls that are inside the potential well.
We should say that “larger” bubbles like the following
φ(x, 0) =
1.6
cosh2(x/4)
, (34)
will grow for ever.
Let us examine the following equation
φtt −∇2φ = F (φ), (35)
where F (φ) = a [φ(φ+ 2)(2 + δ − φ)]2n−1, and n ≥ 3.
In D = 3 + 1 dimensions, the “balls” that are close to
the unstable equilibrium position φ2 = 0 are capable to
sustain the “balls” that are very far away from the equi-
librium (including amplitudes that are arbitrarily large).
Initial conditions like the following
φ(x, y, z, 0) = φo +
Q
[1 + b(x2 + y2 + z2)]1/2
, (36a)
φt(x, y, z, 0) = 0, (36b)
with Q > 0 and b > 0, where all the “balls” are outside
the unstable equilibrium, do not lead to an evolution with
the “balls” falling to the “right”.
Figures 6–14 show the results from numerical simula-
tions for different values of parameters φ0, Q and b. The
initial structure is unstable and collapse in time, giving
a constant phase φ0 throughout all space at long times.
Indeed, in all such cases, φ has positive as well as neg-
ative values in space for t = 0. The value of parameter
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FIG. 6: φ(r) for different times. Collapse of a “small” bubble of “true-vacuum” inside a sea of “false” vacuum.
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FIG. 7: φ(r) for different times. Collapse of “true-vacuum” bubble inside a sea of “false” vacuum. Notice that φ(0) = 2.
b is large enough so that the bubble is strongly localized
around φmax := φ0 + Q. Thus, as the system evolves in
time, the solution falls to the stable minimum at φ = φ0
in all space.
Note that there are “bubbles”, whose action is infinite
and are made mostly of “true” vacuum, but, nevertheless,
do not grow. This means they do not expand through-
out the Universe converting false vacuum to true. This
leads to the conclusion that “normal” bubbles with finite
action and made of “true” vacuum inside the Universe of
“false” vacuum will not grow either.
Let us study an initial condition where the majority of
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FIG. 8: φ(r) for different times. Collapse of a “true-vacuum” bubble inside a sea of “false” vacuum. Notice that the tail of the
bubble is thicker.
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FIG. 9: φ(r) for different times. Collapse of a “large” “true-vacuum” bubble inside a sea of false vacuum.
the “balls” are close to the locally stable equilibrium φ =
φ1. In D = 3 + 1, the system is able to sustain any field
configuration with the values of φ as far to the right as we
wish from the unstable equilibrium φ = φ2. In D = 3+1
the link between the “balls” is so strong that the “balls”
outside the equilibrium cannot drag those that are inside
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FIG. 10: φ(r) for different times. Collapse of a large “true-vacuum” bubble inside a sea of “false” vacuum. Notice that the tail
is very thick.
the equilibrium. Initial conditions in the form
φ(x, y, z, 0) = −2 +A [tanh[B(r + d)]− tanh[B(r − d)]] ,
(37a)
φt(x, y, z, 0) = 0, (37b)
will not evolve in such a way that the bubble will expand,
and the false vacuum will be converted to the “true”
vacuum.
Figures 6–10 show that most bubbles made of “true”
vacuum inside a Universe made of “false” vacuum will
collapse very fast. There is a relaxation process such
that limt→∞ φ = φ1.
Figures 11 and 13 show a peculiar phenomenon. The
initial conditions are not exact solutions to the field equa-
tion. Initially there is some dynamics. The bubbles
re-accommodate. Then the bubbles become stationary.
These are high-energy states. These bubbles do not ex-
pand.
Figure 12 shows the dynamics of a “bubble” made com-
pletely of “true vacuum”. This bubble is stationary and
marginally stable. There is a whole continuum “zone” of
bubbles of different amplitudes and different behaviors
of the tails. All the bubbles in this “zone” are station-
ary solutions to the field equations. These bubbles are
not stable. A perturbation of the bubble will lead to
a different stationary configuration that belongs to the
mentioned “zone”. However, the most remarkable fact is
that these bubbles do not expand! Figure 13 shows the
re-accommodation of an initial condition that is not an
exact solution to the field equations.
Figure 14 shows the dynamics of a very large bubble
made of “true” vacuum inside a Universe of “false” vac-
uum. This bubble does no expand. However, this bubble
can be considered a quasi-stationary long-lived structure
that could contain new physics and new particles. The
properties and physical meaning of these structures will
be discussed elsewhere.
There are no bubbles of “true” vacuum inside a Uni-
verse of “false” vacuum that will expand. All bubbles of
the “true” vacuum inside a Universe of the “false” vac-
uum will collapse.
V. PHYSICAL PHENOMENA
A. Criticality
Recent theoretical and experimental works [9–35] sug-
gest that both m2 and λ, the two parameters of the Higgs
potential, are zero or approximately zero. They happen
to be near critical lines that separate the electroweak
phase from a different phase of the Standard Model (SM).
The multiverse is a fertile and constructive framework
that could help us to reformulate in different terms some
open questions in fundamental physics.
The idea that the parameters of the Higgs potential
could be dynamical variables offer a variety of novel ap-
proaches to the problems of contemporary physics.
It is intriguing that the Higgs problem can be re-stated
in terms of criticality [51].
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FIG. 11: φ(r) for different times. The initial condition is not an exact solution to the field equation. The values of φ are very
close to the maximum of U(φ). However, the solution φ(r, t) does not tend to any of the minima.
Why are the Higgs parameters so close to the critical
point of electroweak phase transition?
The discovery of the Higgs boson at 125 GeV has re-
vealed another potential problem of criticality within the
SM [52]: why is the Higgs mass so close to the critical
point for a new phase transition?
These questions may suggest an underlying dynamics
of the Higgs potential parameters that drive them to-
wards critical points in the phase diagram.
The Higgs potential could undergo a self-tuning pro-
cess, with critical boundaries acting as attractors, just as
in the mechanism of self-organized criticality [53].
In the best of scenarios, our Universe is in a minimum
of the potential U(φ). This potential can behave as
U(φ) ' ∣∣(φ− φ1)6∣∣ /6 when φ ' φ1. We have shown
that if U(φ) ' |(φ− φ1)n1 | /n1, where n1 > 2, then the
action of the instanton is infinite.
But even if m2 ' 0 and λ ' 0, the minimum will be
very flat. This leads to the fact that the action of the
instanton is arbitrarily large. And remember that self-
organized criticality can make the parameters approach
the critical values during a dynamical process.
So criticality means that the action of the instanton is
arbitrarily large. Hence our vacuum is safe.
B. Origin of Matter-Antimatter Asymmetry
The recent measurement of the Higgs boson mass im-
plies a relatively slow rise of the Standard Model Higgs
potential at large scales, and a possible second minimum
at even larger scales.
During inflation, scalar fields, including the Higgs field,
may acquire a non-zero vacuum expectation value, which
must later relax to the equilibrium value during reheat-
ing.
In the presence of the time-dependent condensate, the
vacuum state can evolve into a state with non-zero par-
ticle number.
Scientists have shown [54, 55] that, in the presence
of the lepton number violation in the neutrino sector,
the particle production can explain the observed Matter-
Antimatter asymmetry of the Universe.
According to the work [54], a false vacuum can appear
at large values of φ.
Our results show that the field can become trapped
in the false vacuum. When reheating begins, finite-
temperature effects can eliminate this false vacuum, and
the field rolls down to the present minimum.
The stationary structures with large values of φ and
the quasi-stationary long-lived soliton-like bubbles of a
different vacuum that are discussed in this paper can con-
tribute to the acquisition of non-zero vacuum expectation
value. Thus these phenomena can lead to the creation of
Matter-Antimatter asymmetry in the Universe.
C. Confinement
Herein we discuss Lagrangians with a potential U(φ)
that possesses two minima φ1 and φ3.
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FIG. 12: φ(r) for different times. A stationary bubble in D = 3 + 1 dimensions. The action of the bubble is infinite. However,
the bubble does not expand.
Despite the fact that U(φ3) < U(φ1), in some cases,
the state φ = φ1 is not rendered unstable even by quan-
tum penetration.
The Extra-dimensions help to the stabilization of the
state φ = φ1.
This can be considered a mechanism for confinement.
D. Multiverse. String theory landscape of vacua.
Extradimensions
Much of the popularity of the Multiverse was brought
about by the discovery of the enormous landscape of pos-
sible vacua in string theory [56, 57].
At present, string theory is the leading candidate for
the theory of quantum gravity.
As is well-known, the landscape contains about 10600
different vacua. Accordingly, if our Universe is initially
in the false vacuum, it can only tunnel from its false
vacuum state to its nearest neighbor that is then the new
true vacuum state. The latter must then be arranged
according to the anthropic principle. Consequently, the
extraordinarily fine tuning of this potential is due to the
anthropic selection (or is it?).
We conclude that the dynamics in the landscape is
described by localization. And we do not have to invoke
complicated arguments [58] to say this.
The fine-tuning in our scenario is produced by the
properties of our Universe discussed above. Once we are
in the vacuum of our Universe, the mechanism that we
have described above inhibits the escape.
Our mechanism explains why the solutions are local-
ized around a vacuum.
There are no instanton solutions in our Universe.
The space-time dimension D plays an important role
in the mechanism that makes our vacuum stable. Thus,
the existence of extra-dimensions is not in contradiction
with the great stability of our Universe.
E. String theory
If the soliton-like solutions that we have found are con-
sidered classical string solutions, then the formulation of
string theory is straightforward.
Compare this statement with the arguments presented
in [57].
F. Dark energy
The stationary solutions (see Figs.11–13) close to the
maximum of U(φ) (see Fig.2) possess an enormous en-
ergy. They can be good candidates for Dark Energy.
G. Dark Matter
Inside the bubbles of new vacuum represented in
Fig.14, there are new particles and new physics.
In 2010, Meng Su and coworkers [59] discovered enor-
mous galactic bubbles that expose dark matter [60, 61].
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FIG. 13: φ(r) for different times. The initial condition is not an exact solution to the field equation. Initially there is some
dynamics. The bubble re-accommodates. Then the bubble becomes stationary.
These bubbles are strange structures very similar to
the bubbles discussed in our Fig.14.
There are no theories that explain these bubbles. It
seems that only dark matter can be related to them.
These structures are sometime called Fermi bubbles
[60].
Looking at the Fermi bubbles near the galactic center,
M. Su and coworkers have found a promising signal that
could be associated with dark matter.
This is a very concrete case where studies of the Fermi
bubbles uncovered something that may be related to dark
matter.
So our analysis says that we should study bubbles in
order to search for new physics and these scientists find
dark matter in these galactic bubbles!
We believe these findings are an indirect experimental
confirmations of the results discussed in this article.
VI. CONCLUSIONS
We have investigated the soliton-like bubbles and the
instanton solutions in vacuum dynamics.
Recent measurements of Higgs boson and top quark
masses indicate that both m2 and λ, the two parameters
of the Higgs potential, are zero or approximately zero.
We have shown that this near criticality leads to an ar-
bitrarily large action of the instanton solution. So the
probability of our vacuum decay is exponentially small.
We have provided new evidence that supports a process
for the origin of the Matter-Antimatter Asymmetry in
our Universe proposed recently by other scientists [54,
55].
We have presented a new mechanism for confinement.
The Extra-dimensions can play an important role in
the stabilization of the “false” vacuum.
We review a possible straightforward formulation of
string theory, the Multiverse, the string theory land-
scape, and the extra-dimensions using our results.
We utilize our solutions to introduce some hypotheses
about Dark Energy and Dark Matter.
We examine the discovery of giant galactic bubbles
made by a team of scientists working at the Harvard-
Smithsonian Center for astrophysics [59–61].
The authors consider that these structures expose dark
matter.
We believe that the discovery of these bubbles are
an indirect experimental confirmation of the results pre-
sented in this paper.
Acknowledgments
J.F.M. thanks Saliya Coulibaly for his most-valuable
assistance with the semi-spectral methods used in part
of the numerical simulations. M.A.G-N. thanks for the
financial support of FONDECYT project No. 11130450.
J.F.M. acknowledges financial support of CONICYT doc-
torado nacional No. 21150292.
11
-2
-1
 0
 1
 2
 0  2  4  6  8  10
t=0.00
-2
-1
 0
 1
 2
 0  2  4  6  8  10
t=1.25
-2
-1
 0
 1
 2
 0  2  4  6  8  10
t=2.50
-2
-1
 0
 1
 2
 0  2  4  6  8  10
t=3.75
-2
-1
 0
 1
 2
 0  2  4  6  8  10
t=5.00
-2
-1
 0
 1
 2
 0  2  4  6  8  10
t=6.25
-2
-1
 0
 1
 2
 0  2  4  6  8  10
t=7.50
-2
-1
 0
 1
 2
 0  2  4  6  8  10
t=8.75
-2
-1
 0
 1
 2
 0  2  4  6  8  10
t=10.0
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